221.20-1

Mathematics - Course 221

THE STRAIGHT LINE

I Slope of a Straight Line

The slope of a straight line in the xy-plane is a
measure of how steeply the line rises or falls relative
to the x-axis.

More precisely, the slope of a line is the increase
in y per unit increase in x,

OR the rate of change of y with reépect to x.
In Figure 1, for line segment P;P,,

Ay = ¥, - y1 is called the ricge

Ax = x; - %, is called the ruxn, and

8 is called the angle of inelination of the line.

Py{xs,¥2}

\

Figure 1
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The numerical value of the slope, usually designated
"m", is given by

rise _ y2 - ¥a

slope m =
ran X2 =~ X1

By trigonometry applied to right triangle P;P:Q of Figure 1,

‘:-ﬂ:
tan 8 A% m

ie, the slope of a line is numerically equal to the tangent
of the line's angle of inc¢lination.

Note that the angle of inclination is defined as the small-
est angle measured counterclockwise from the positive x-axis
to the line, and therefore is always less than 180°.
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The following table summarizes the correlation between
the slope and orientation of a line in the plane:

Line Orientation

Typical Sketch

Slope Value

Rising to the right m >0
8<90°
Falling to the right \zw m< 0
& AN
X
Parallel to x-axis Y m=20
(Ay = 0)

Perpendicular to
x~axisg

h
J
]

m undefined
{Ax = 0)




Example 1

Find the {a} slope (b} angle of inclination of the line

which passes through (~2,4) and (3,-5)

Solution
~ Y2 T ¥
(a) Slope X T
=5 =4
T 3-(-2)

NOTE: In the previous solution, P;{x;, vi)

Py(x2, v2) =(3, -5). However,

(-2, 4) and
the choice for P; and

P, could have been reversed without affecting the

answer. {Check this.)

(b)) tan 6 = ~1.8

=) associated acute angle = tan-'1.8
= 60.9°
.+ angle of inclination, = 180~-60.9°
= 119.1°

60.9°¢ \119.10
b4

{cf lesson 321.20-3)
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Example 2

{a)
{b)

‘Given that the slope of a line is 1.5, find the change in
X corresponding to an increase of 3 in ¥y.

y corresponding to a decrease of 4 in x.

Solution

Let P{x,y} and Q(x + Ax, y + Ay) be any two points on the

line (see Figure 2}.

pg = &Y !
Then slope of PQ = iy = 1.5 Q(x + Ax, y + Ay)
!
) Ay =3 = 3. = 1.5 ’
(a) dy =3 =3 =1 | Ay
!
3 !
le, Ax = 1% P(x, Y) ——
Ax
-2 /
A
7 Ly ®
X increases by 2 if y .
increases by 3 {(between any
two points on the line.)
Figure 2
(b} Ax = -4 {(x increases by -4 if x decreases by 4).

. Ay = (-4)(1.5)
= -6

y decreases by 6 if x decreases by 4.

II Parallel and Perpendicular Lines

(a)

(b}

Parallel lines have edqual slopes,

ie, line L; || line L& m; = m;

The slopes of perpendicular lines are negative reciprocals,

1

ie, line L, ' line Lo @ m = - I-Hz_



Example 3

Find the slrpe cf the family of lines (a) parallel

(b} perpendicular to a line L with slope m = 2 .
5

Solution -

&1}

(a) Slope of family of lines parallel to L =

_mlm b=

e
I
|

{b) Slope of Family c¢f lines perpendicular to

pjen mlm‘r—- gl

[
|

IIT Eguation of a Line

The equatiorn 2} a lina is the relarvionship which is
satisfied by ths wrdinates of all pulantes on the line, and
by no ethers.

(a)  Two-Point Form

Reguired: *o find the equation of the line which pass-
2g vhyvugh points Py {x;,v.) and P, (X.,va) -

Solution: Let P{2,y! be any pcint {(other than P; or
P;) on the line (see Figure 3},
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Then slope PP = slope P,P, (all line segments have same

slope)
je, L1 - Y27¥31
I x=xX, Xo-X3
. ¥ - ¥1 = %3—:—§lv(x - X;) Two-point form.
2 = X

Example 4

Find the equation of the line passing through points (-2,4)
and (3,-5)}.

Solution: Using two-point form,

2

Yy - ¥y = X2

-y, )
r_— (x - x3)

ie, ¥y -4=3F"ry x- (-2))

_ =9
-—g(X‘FZ)
ie, 5y - 20 = -9x - 18

ie, 9x + 5y -2 = 0

Note:

(i)} The answer has been expressed in the so-called general form
of the straight line equation, Ax + By + C = 0.

(ii) Points Pi1(xXi,y1) and Pz (X:,v,} ¢an be interchanged in the
above solution without affecting the answer. (Check this.)

(b) Slope-Point Form

Required: to find the equation of the line having slope
m and passing through P, (X:, vi) .

Solution: Let P{(x,y) be any point on the line (see Figure 4).



Figure &

Then slope F;P = m

Y -~ ¥1 = m{x - x3)| Slope-Point Form.

. Example 5

Find the equation of a line with slope -2 and passing

Sclution: Using slope-point form,

e,

ie,-

ie,

(c}

Y - ¥ = m{x - %}

Yy - 5= =2{x - (~3}) (substitute (-3,5) for (x,.,y;))

Yy - 5= -2x - 6

2 + v+ 1 =20

Slope-Intercept Form

Required: to find the equation of the line with slope m
and y-intercept b.

Solution: Let P(x,y) be any point on the line (see
Figure 5).
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Then slope BP = m

ie, X.-_b

X -0

i
3

ie, vy - b = xm

ie, |y =mx + b Slope~Intercept Form

Examgle 6

Find the equation of the line having slope % and y~-intercept
_3.

Solution: Using slope~intercept form,

Y mx + b

ie, y = %x + (-3)

ie, 3y =2x -9 {(mult. both sides by 3}

ie, 2x -3y -9 =0

Example 7

Find the (a) slope (b) y-intercept (c) x-intercept of the
iine 5x - 2y + 10 = 0,

Solution: The simplest way to find the slope and y~intercept
is to express the equation in slope=-intercept form
by solving for y:



- 10

5x - 2y 4+ 10 = 0
. - 2y = «-5x ~ 10
. y = %x + 5
¥ 1
m b
)
{a) slope m = 5 and

(b) y~intercept b = 5

(c)
by substituting y = o

5 - 2(0) + 10

X -2

. » X-intercept

Example 8

Find the equation of
(-4,1}), and perpendicular

Solution: Equation of L,
" . m] = 3
- —_ _l
ms = ™
= o—!-_
3

At the x-intercept, y = o.

(y = mx + b)

Thus the x~ccoordinate is found
in the equation, and solving for x:

0

the line L, passing through the point
to line Iiq 3% -y - 2 0.

in "y = mx + b" form is vy 3x - 2

‘. Equation of L; is y - y1 = m{x - x;) (slope-point form)
Y- 1l=-3 (- (=4)  (xi,y0) = (-4,1))
ie, 3y - 3 = ~-(x + 4)
= -x - 4
X+ 3y +1=20




v
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Graphing Lines

Recall that all equations of the form
Ax + By + C =0 (generai form) or
vy =mx + b (slope~-intercept form),
represent straight lines in the xy-plane. The (x,y} co-ordinates

of every point on a line (and no others) satisfy the equation
of the line.

Steps to Graphing a Line

1. Solve the equation for vy (or x}.
2. Make a table of values containing at least three points.
(The third point serves as an internal check: 1if all three
points do not line up on graprh, at least one point is in error.)
3. Plot points.

4., Draw and label line.

Example 9
Graph the line 2x - 5y + 6 = 0

Step l: y = 25—%—5

Step 2:

Ul o

Step 3, 4:




Ll ke &=L
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ASSIGNMENT

Find (i) the slope, (ii) the angle of inclination, and
(iii) the equation the line passing through the points,
{a} (0,0} and (3,4}

(b) (0,2) and (3,0}

{c) (2,-2) and (-2,2)

(d) (5,2} and (0,2)

(e} (~3,1) and (~3,4)

Show that the following three points lie on the same
straight -line:

P(~5,-3), Q(-1,-1), R(5,2)

Graph the following lines and find their slopes and inter=-
cepts:

{a) x+y =4

(b) 5x - 4y - 20 =0

{c}) 5y -6 =20

{(d) 15x + 4 = 0

State the slope of the family of lines (a) parallel

(b} perpendicular to each of the lines in guestion 3.
Find the equation of the line passing through the given
point with the given slope.

(a) (4,3}, m= 1/3

{b) {-4,~1}), m = -5

(c} (-7,-5), m =0
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Find the equation of the line passing through the given
point with the given angle of inclination.

(a)
{b)
{c)

(3,3), 6 = 45°

I

("1;4) ;e 30°

135°

(21'-5) re

Find the slope and y-intercept of each of the following lines:

{a}
{b)

2% = 5y + 6 = 0

8x + 3y ~ 7 0

For each line in question #7, state the change in

(a)
(b)

x corresponding to an increase of 3 in y.

y corresponding to a decrease of 5 in x.

Find the egquations of the following lines:

(al
(b)
{c)

(d)

(e)
(£)

passing through {-1,4} and (-1,-2)
passing through (-2,~5} with slope %

with y-intercept —4%-and slope —%

passing through (0,0) and parallel to 4x +y - 2 = 0
with y-intercept 6 and perpendicular to x - Sy + 3 = 0

passi@g through (6,0) with angle of inclination 45°.

L..C. Haacke
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